We say that a module M is a closed cofinitely weak supplemented module or briefly ccws-module if, for every closed cofinite submodule N of M , N has a weak supplement in M . In this article, the various properties of ccws-modules are given as a generalization of cofinitely weak supplemented modules. In particular, we prove that a left V-ring R is ccws if and only if R is an extending ring. Finally, we show that the notion of cofinitely weak supplemented modules and the notion of ccws-modules are equivalent under some special conditions. Mathematics Subject Classification: 16D10, 16N80
Introduction
Throughout this paper, it is assumed that R is an associative ring with identity and all modules are unital left R-modules. Let R be such a ring and let M be an R-module. The notation K ≤ M (K < M ) means that K is a (proper) submodule of M . A submodule N of M is called cofinite in M if the factor module M N is finitely generated. A module M is called extending if every submodule is essential in a direct summand of M (see [3] ). Here a submodule K ≤ M is said to be essential in M , denoted as K M , if K ∩ N = 0 for every non-zero submodule N ≤ M . A closed submodule N of M , denoted by N ≤ c M , is a submodule which has no proper essential extension in M . A non-zero module M is said to be hollow if every proper submodule of M is small in M , and it is said to be local if it is hollow and is finitely generated. A module M is local if and only if it is finitely generated and Rad(M ) is maximal (see [3, 2.12 §2.15]). A ring R is said to be local if J is maximal, where J is the Jacobson radical of R.
An R-module M is called supplemented if every submodule of M has a supplement in M . Here a submodule K ≤ M is said to be a supplement of N in M if K is minimal with respect to N + K = M , or equivalently, if
. Every direct summand of a module M is a supplement submodule of M , and supplemented modules are a proper generalization of semisimple modules. In addition, every factor module of a supplemented module is again supplemented. As a generalization of supplemented modules, a module M is called weakly supplemented if any submodule N of M has a weak supplement K, i.e. there exists a submodule K of M such that M = N + K and N ∩ K M as in [7] . Alizade et al. [1] have defined cofinitely supplemented modules as a proper generalization of supplemented modules. They call a module M cofinitely supplemented if every cofinite submodule N of M has a supplement in M , and give characterizations of these modules over any rings and commutative domains (see [1] In [4] , Ç alışıcı and Pancar call a module M ⊕-cofinitely supplemented if every cofinite submodule of M has a supplement that is a direct summand of M . They gave in the same paper some properties of these modules. In addition, it is proven in [4, Theorem 2.9] that a ring R is semiperfect (that is, R R is supplemented) if and only if every free left R-module is ⊕-cofinitely supplemented.
In this paper, we introduce the notion of closed cofinitely weak supplemented modules, or briefly ccws-modules. We provide some properties of these modules. An example is given to separate ccws-modules and (cofinitely) weak supplemented modules. In general, a finite direct sum of ccws-modules need not be a ccws-module (see Example 2.13). We study on the finite sums of ccws-modules. We prove that every cofinite direct summand of a ccws-module is a ccws-module. We obtain a new characterization of left V-rings by using ccws-modules. We prove that a cofinitely refinable module M is ⊕-cofinitely supplemented if and only if M is a ccws-module under some special conditions.
Ccws-Modules
Recall from [9] that a module M is called closed weak supplemented if every closed submodule of M has a weak supplement in M . In this section, we define the concept of ccws-modules as a generalization of cofinitely weak supplemented modules, and give various properties of them. Under given definitions, we clearly have the following implications on modules:
cof initely supplemented modules cof initely weak supplemented modules ccws − modules It follows from [3, 1.16 ] that a module M is extending if and only if every closed submodule is a direct summand of M . Applying this fact, we obtain that every extending module is a ccws-module.
Example 2.2. Let Z be the ring of all integers. Since Z is extending, it is a ccws-module. But Z is not (cofinitely) weak supplemented since, for any n ≥ 2, nZ has no weak supplement in Z. Proposition 2.3. Let M be a ccws-module. Then, every cofinite direct summand of M is a ccws-module.
Proof. Let N be any cofinite direct summand of M and
N by [12, 19. (3.5) ]. Thus N is a ccws-module.
In general, a finite direct sum of ccws-modules need not be a ccws-module. Later, we shall give an example of such a module. 
